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We investigate the scattering problem of a two-particle composite system on a delta-function
potential. Using the time independent scattering theory, we study how the transmission/reflection
coefficients change with the height of external potential, the incident momentum, and the strength
of internal potential. In particular, we show that the existence of internal degree of freedom can
significantly change the transmission/reflection coefficients even without internal excitation. We
consider two scenarios: the internal degree of freedom of the incident wave is set to be in a state
with even parity or odd parity, we find that the influence of a symmetric Hamiltonian is greater on
the odd-parity internal states than on the even-parity ones.
PACS numbers: 03.65.Ge, 03.65.Nk
I. INTRODUCTION
The quantum superposition principle lies at the heart
of quantum mechanics and allows massive objects to be
prepared in spatial superposition of the order of their
sizes. Although quantum interferences of macroscopic
objects have remaind experimentally challenging [1, 2], a
series of preparatory work [3–10] have been finished. Ex-
periments involving composite systems [11–13] provide a
way to probe the quantum interferences of macroscopic
objects, moreover, it requires controlled splitting of a
wave pocket to observe interference. In our model, we
simulate this process by employing a delta-function po-
tential to separate the incoming wave into two (reflected
and transmitted) components. As a composite system
that contains two particles at least, the energy levels of
the internal degree of freedom may be excited. In the fol-
lowing, we consider a diatomic bound system and exhibit
how the internal states affect the reflected and transmit-
ted components.
As a good approximation to many actual phenomena,
quantum mechanical scattering in one dimension attracts
increasing interest during the past years [14–20]. Scatter-
ing theory [21, 22] promotes greatly the experimental re-
search on the interaction and internal structure of parti-
cles. The elegance and power of the S-matrix formulation
is beyond doubt, but this formulation always has high
computation complexity, especially for the higher-order
correction. In this paper, we propose a simple method
to calculate the probability that a composite system that
entered the collision with in asymptote state will be ob-
served to emerge with out asymptote state. S-matrix
within Born approximate is also calculated to compare
with our proposal.
In our study, we discuss the scattering process of a
two-particle bound system to mimic the splitting of the
∗ zhoudl72@iphy.ac.cn
incoming wave corresponding to a diatomic composite
system. The coefficients of reflection and transmission
for different internal modes are worked out by invoking
appropriate boundary conditions on the eigenfunctions of
the Hamiltonian, but not by calculating the high-order
correction of S-matrix elements. In the following, we
will see the condition that excited internal modes be-
come populated and their influence on the reflected and
transmitted components. We propose our model in sec-
tion II and list the results in section III, in section IV,
we end with a summary.
II. THEORETICAL MODEL
Consider two particles with mass m1,m2 and coordi-
nates x1, x2. A model which resembles the interaction
of these particles and the scattering potential is specified
by the Hamiltonian
H = − ~
2
2m1
∂2
∂x21
− ~
2
2m2
∂2
∂x22
+Ω2(x1 − x2)2+γ1δ(x1)+γ2δ(x2),
(1)
where we assume that the particles are tied to each other
by a harmonic coupling with stiffness Ω and the scatter-
ing potential has the form V (xi) = γiδ(xi).
For convenience, we rewrite the Hamiltonian in terms
of center-of-mass coordinate X = (m1x1 +m2x2)/(m1 +
m2) and relative coordinate x = x2 − x1
H = − ~
2
2M
∂2
∂X2
− ~
2
2µ
∂2
∂x2
+
1
2
µω2x2+γ1δ(X−r2x)+γ2δ(X+r1x),
(2)
where M = m1 +m2, µ = m1m2/M , ri = mi/M .
Obviously, the eigenstates of H0 = −~2 ∂2∂X2 /2M −
~2 ∂
2
∂x2 /2µ+ µω
2x2/2 are
φK,n(X,x) =
1√
2pi
eiKXψn(x), (3)
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2for n = 0, 1, 2... with eigenenergies
EK,n =
~2K2
2M
+
(
n+
1
2
)
~ω, (4)
where K denotes the momentum of the center-of-mass
and {ψn(x)} are the normalized stationary wave func-
tions for harmonic oscillator and they describe the inter-
nal states of this bound system. If the system is incoming
from the left (as shown in Fig. 1) with momentum K0 and
the internal degree of freedom is assumed to be in the l-th
state, the scattering state reads
Ψ+K0,l =

φK0,l +
∑
n αnφ−Kn,n, x1 < 0, x2 < 0∑
n µnφKn,n +
∑
n νnφ−Kn,n, x1 < 0, x2 > 0∑
n ξnφKn,n +
∑
n ηnφ−Kn,n, x1 > 0, x2 < 0∑
n βnφKn,n, x1 > 0, x2 > 0
(5)
where {αn, βn} are the amplitudes of different modes for
the reflected and transmitted waves respectively, Kn are
the momentum of the center-of-mass corresponding to
the n-th internal state and can be derived from the energy
conservation condition:
~2K20
2M
+ (l +
1
2
)~ω =
~2K2n
2M
+ (n+
1
2
)~ω. (6)
Furthermore, we can easily get the probability current
densities of incident, reflected and transmitted waves
with different modes
J in0 =
1
2pi
~K0
M
, (7)
Jren = −
|αn|2
2pi
~Kn
M
, (8)
J trn =
|βn|2
2pi
~Kn
M
. (9)
Thus the corresponding coefficients of reflection and
transmission are
jren =
|Jren |
J in0
= |αn|2Kn
K0
, (10)
jtrn =
J trn
J in0
= |βn|2Kn
K0
. (11)
Note that the conservation of probability implies
jt =
∑
n
(
jren + j
tr
n
)
= 1. (12)
The boundary conditions at x1 = 0 and x2 = 0 require
Ψ+K0,l|x1→0+ = Ψ+K0,l|x1→0− ,
∂
∂x1
Ψ+K0,l|x1→0+ − ∂∂x1 Ψ
+
K0,l
|x1→0− = 2m1γ1~2 Ψ+K0,l|x1→0+ ,
Ψ+K0,l|x2→0+ = Ψ+K0,l|x2→0− ,
∂
∂x2
Ψ+K0,l|x2→0+ − ∂∂x2 Ψ
+
K0,l
|x2→0− = 2m2γ2~2 Ψ+K0,l|x2→0+ ,
(13)
x 1 > 0 , x 2 < 0
x 1 > 0 , x 2 > 0x 1 < 0 , x 2 < 0
x 1 < 0 , x 2 > 0
L 4L 3
L 2L 1
0
x
X
ψ t r
ψ r e
ψ i n
FIG. 1: (Color online) Schematic scattering process
in the X − x frame. The scattering potentials locate
along x1 = 0 (i.e., L2 and L3) and x2 = 0 (i.e., L1 and
L4), and an incoming wave is separated into a reflected
and a transmitted component.
Concretely speaking, the continuity of the wave function
at L1 (see Fig. 1) gives
eiK0r1x1ψl(−x1) +
∑
n
αne
−iKnr1x1ψn(−x1)
=
∑
n
µne
iKnr1x1ψn(−x1) +
∑
n
νne
−iKnr1x1ψn(−x1),
(x1 < 0) (14)
and the discontinuity of the derivative of wave function
at L1 gives
2m2γ2
~2
[∑
n
µne
iKnr1x1ψn(−x1) +
∑
n
νne
−iKnr1x1ψn(−x1)
]
=
∑
n
µn
[
eiKnr1x1ψ
′
n(−x1) + iKnr2eiKnr1x1ψn(−x1)
]
+
∑
n
νn
[
e−iKnr1x1ψ
′
n(−x1)− iKnr2e−iKnr1x1ψn(−x1)
]
−
[
eiK0r1x1ψ
′
0(−x1) + eiK0r1x1iK0r2ψ0(−x1)
]
−
∑
n
αn
[
e−iKnr1x1ψ
′
n(−x1)− iKnr2e−iKnr1x1ψn(−x1)
]
(x1 < 0). (15)
Multiplying Eq. 14 and Eq. 15 with ψm and integrating
from 0 to ∞ leads to
c2ml(−iK0r1) +
∑
n
αnc
2
mn(iKnr1)
=
∑
n
µnc
2
mn(−iKnr1) +
∑
n
νnc
2
mn(iKnr1) (16)
3and
2m2γ2
~2
[∑
n
µnc
2
mn(−iKnr1) +
∑
n
νnc
2
mn(iKnr1)
]
=
∑
n
µn
[
iKnr2c
2
mn(−iKnr1) + d2mn(−iKnr1)
]
+
∑
n
νn
[−iKnr2c2mn(iKnr1) + d2mn(iKnr1)]
− [iK0r2c2ml(−iK0r1) + d2ml(−iK0r1)]
−
∑
n
αn
[−iKnr2c2mn(iKnr1) + d2mn(iKnr1)] . (17)
Similarly, the boundary conditions at L2, L3 and L4 take
the form∑
n
µnc
2
mn(iKnr2) +
∑
n
νnc
2
mn(−iKnr2)
=
∑
n
βnc
2
mn(iKnr2), (18)
2m1γ1
~2
∑
n
βnc
2
mn(iknr2)
=
∑
n
βn
[
iKnr1c
2
mn(iKnr2)− d2mn(iKnr2)
]
−
∑
n
µn
[
iKnr1c
2
mn(iKnr2)− d2mn(iKnr2)
]
−
∑
n
νn
[−iKnr1c2mn(−iKnr2)− d2mn(−iKnr2)] ,
(19)
c1ml(iK0r2) +
∑
n
αnc
1
mn(−iKnr2)
=
∑
n
ξnc
1
mn(iKnr2) +
∑
n
ηnc
1
mn(−iKnr2), (20)
2m1γ1
~2
[∑
n
ξnc
1
mn(iKnr2) +
∑
n
ηnc
1
mn(−iknr2)
]
=
∑
n
ξn
[
iKnr1c
1
mn(iKnr2)− d1mn(iKnr2)
]
+
∑
n
ηn
[−iKnr1c1mn(−iKnr2)− d1mn(−iKnr2)]
− [iK0r1c1ml(iK0r2)− d1ml(iK0r2)]
−
∑
n
αn
[−iKnr1c1mn(−iKnr2)− d1mn(−iKnr2)] ,
(21)
∑
n
ξnc
1
mn(−iKnr1) +
∑
n
ηnc
1
mn(iKnr1)
=
∑
n
βnc
1
mn(−iKnr1), (22)
and
2m2γ2
~2
∑
n
βnc
1
mn(−iKnr1)
=
∑
n
βn
[
iKnr2c
1
mn(−iKnr1) + d1mn(−iKnr1)
]
−
∑
n
ξn
[
iKnr2c
1
mn(−iKnr1) + d1mn(−iKnr1)
]
−
∑
n
ηn
[−iKnr2c1mn(iKnr1) + d1mn(iKnr1)] , (23)
where c1mn(q) =
∫ 0
−∞ ψm(x)e
qxψn(x)dx, c
2
mn(q) =∫∞
0
ψm(x)e
qxψn(x)dx, d
1
mn(q) =
∫ 0
−∞ ψm(x)e
qxψ
′
n(x)dx
and d2mn(q) =
∫∞
0
ψm(x)e
qxψ
′
n(x)dx.
Eqs.16−23 determine Ψ+K0,l. In the following we will
analyze the scattering behavior of this two-particle com-
posite system.
III. RESULTS AND ANALYSIS
In this section, we calculate how the population of ex-
cited states changes with different parameters, and an-
alyze the physical picture behind it. In the following
calculation, we set ~ = 1, M = 2 and select the incident
internal state to be the ground state or the first excited
state, i.e., l = 0 or 1.
From Eq. 6, it’s reasonable to believe that: (1) the
n-th excited internal state may become populated if
its energy is less than the energy of the incident wave
(n + 1/2)~ω ≤ ~2K20/2M + (l + 1/2)~ω; (2) the highest
internal energy level excited by the potential should be
nc = b~K20/(2Mω)c+ l, where bac is the maximum inte-
ger less than or equal to a. However it is worthy to point
out that in Eqs.16−23, the levels above nc should also be
taken into account to ensure the conservation of proba-
bility is satisfied, thus Kn = i
√
2nMω −K20 for n > nc.
These correspond to the states whose internal energies
are sufficiently high while the center-of-mass energies be-
ing negative. From the point of physics, these sates only
exist in the scattering region since they decay rapidly as
|X| → ∞. In fact, it’s enough to take only several inter-
nal modes above nc into account. Fig. 2 shows that the
results are stable with the increasing of the mode num-
ber, indicating that the modes well above nc have little
effect on the population of the actual states.
The influences of barrier heights γ1,2 are different for
the reflected and transmitted part of the wave. As a
consequence, the internal modes become populated dif-
ferently. As shown in Fig. 3a and Fig. 3b, in the limit
γ1 = γ2 = 0, the incident wave φK0,l transmits directly
without reflection and excitation (jtrl = 1). For l = 0
(Fig. 3a), with the increasing of γ1, the transmission
coefficient for ground mode jtr0 decreases monotonously
while the reflection coefficient jre0 increases. It should
be stressed that, at the quite beginning of γ1, the re-
flection/transmission coefficients for excited states j
re(tr)
2
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FIG. 2: (Color online) The amplitudes αn, βn (a) and
reflection/transmission coefficients jn (b) via the total
modes N with parameters K0 = 4, ω = 3, γ1 = 1,
γ2 = 0 and nc = 1.
increase, indicating that a certain height of potential is
needed to excite the upper states. With the further in-
creasing of γ1, j
re
n increase and j
tr
n decrease, only reflected
components remains for the potential high enough.
We want to emphasize that the influence of a symmet-
ric Hamiltonian( i.e., m1 = m2, γ1 = γ2) is greater on the
odd-parity internal states than on the even-parity ones.
The curves of j1,3 in Fig. 3b have obviously characteris-
tics ”peak” and ”valley” which are not available for j0,2
in Fig. 3a. Moreover, Fig. 3 illustrates the dependence of
the internal excitation on the symmetry of Hamiltonian.
The internal degree of freedom can only be excited to the
states whose parity is same as that of the incident state
for a symmetric Hamiltonian, (Fig. 3a, Fig. 3b), contrast-
ing to that all the states n ≤ nc could be excited for a
asymmetric Hamiltonian m1 6= m2,γ1 6= γ2 (Fig. 3c).
From Eq. 6, the critical incident momentums which
could excite n-th internal states read
Kc0(n) =
√
2(n− l)Mω/~, (24)
if K0 > K
c
0(n), the n-th internal state may be excited.
This is the energy condition to excite internal states.
Fig. 4 displays how reflection and transmission coeffi-
cients jn change with K0, the vertical lines label K
c
0
to excite n = 1, 2, 3 states. For l = 0 (Fig. 4a), when
K0 is not too large, the internal degree of freedom is in
the ground state, the reflection (transmission) coefficient
decreases (increases) with the increasing of K0, but for
K0 = K
c
0(2), the n = 2 internal state becomes popu-
lated, leading to the non-monotonic change of j0 with
K0. However, when K0 > K
c
0(1) and K0 > K
c
0(3), n = 1
and n = 3 states are non-excited because of the symme-
try although energy condition Eq. 24 is satisfied. Similar
behaviors were also found for l = 1. Additionally, the re-
flection and transmission coefficients of the excited inter-
nal state for l = 1( j
re(tr)
3 in Fig. 4b) have obviously char-
acteristics ”peak” and ”valley” whereas those for l = 0
( j
re(tr)
2 in Fig. 4a) have only a ”peak”, confirming the
greater influence of a symmetric Hamiltonian on the odd-
parity state. In Fig. 4c, since γ1 6= γ2 and m1 6= m2 the
n-th state can be excited as long as K0 > K
c
0(n). Fur-
thermore, compared with the other excited states, the
modes n = 2 is mainly populated because the symmetry
is just damaged slightly for this set of parameters.
It is natural that the internal excitation will affect the
reflected and transmitted components, however what we
emphasize is that the internal degree of freedom will sig-
nificantly changes the the reflection and transmission co-
efficients even without internal excitation. See Fig. 4b,
when K0 < K
c
0(3), although no excited states are popu-
lated besides the incident l = 1 state, the curves of j
re(tr)
1
present non-monotonic dependence on K0.
In our model, we assume a harmonic coupling as the
binding potential, and the choice of ω determines how far
the particles of the bound system can separate from each
other. For a certain K0, the critical coupling stiffness
ωc(n) to excite the n-th internal state is
ωc(n) =
~K20
2(n− l)M . (25)
when ω ≤ ωc(n), the n-th mode may be excited. We
exhibit the dependence of jn on the coupling stiffness ω
in Fig. 5. Similar as discussed above, the scattering po-
tential can only excite the modes whose parity are the
same as that of incident mode for the symmetric Hamil-
tonian (Fig. 5a, Fig. 5b), while the other modes can
also be excited for the asymmetric Hamiltonian (Fig. 5c).
The greater influence of symmetric Hamiltonian on odd-
parity modes still results in the characteristics ”peak”
and ”valley” for j
re(tr)
3 in Fig. 5b.
We have discussed the situation where both particles
interact individually with the scattering potential above,
then we discuss the case γ1 > 0 and γ2 = 0 that corre-
sponds to the situation where particle 2 is only affected
indirectly by the scattering potential via the binding po-
tential. Considering of two limiting cases, when the cou-
pling stiffness is large enough, the internal degrees of
freedom is confined in the ground state and the bound
5system reduces to a single particle, this problem is equiv-
alent to that of a particle with mass M scattered by a
delta-function potential γδ(X), the corresponding reflec-
tion and transmission coefficients are
R =
~4K20
~4K20 +M2γ2
, (26)
T =
M2γ2
~4K20 +M2γ2
. (27)
which are marked by the horizontal lines in Fig. 6b. As
Fig. 6b indicates, the reflection and transmission coeffi-
cients jre0 , j
tr
0 converge to R and T respectively for the
extreme large ω.
As we mentioned above, particle 2 is affected by the
potential via the binding potential, the proportion of par-
ticle 1 in the bound system will seriously affect the scat-
tering process. In the limit m1 → 0, i.e., m1/M → 0,
this problem is equivalent to that of a particle with
mass M passing through the delta-function potential di-
rectly, namely, jtr0 = 1, j
re
0 = 0. On the other extreme,
m1/M → 1, it reduces to the situation that one parti-
cle with m1 is scattered by a delta-function potential,
resulting in jre0 = R and j
tr
0 = T (see Fig. 7).
In order to test the reliability and accuracy of our re-
sults, we derive the coefficients of reflection and trans-
mission jren , j
tr
n by using scattering matrix method within
Born approximation, here l is set to be l = 0.
jre0 = |〈φ−K0,0|S|φK0,0〉|2
≈ 4pi
2M2
K20
|〈φ−K0,0|V |φK0,0〉|2, (28)
jtr0 = |〈φK0,0|S|φK0,0〉|2
≈ 1 + 4pi
2M2
K20
|〈φK0,0|V |φK0,0〉|2
+
4piM
K0
Im〈φK0,0|V G+0 V |φK0,0〉
= 1 +
4pi2M2
K20
|〈φK0,0|V |φK0,0〉|2 −
4pi2M2
K0
nc∑
n=0
1
Kn
× (|〈φ−Kn,n|V |φK0,0〉|2 + |〈φKn,n|V |φK0,0〉|2) ,
(29)
jren = |〈φ−Kn,n|S|φK0,0〉|2
≈ 4pi
2M2
K0Kn
|〈φ−Kn,n|V |φK0,0〉|2 (30)
and
jtrn = |〈φKn,n|S|φK0,0〉|2
≈ 4pi
2M2
K0Kn
|〈φKn,n|V |φK0,0〉|2. (31)
where V = γ1δ(X − r2x) + γ2δ(X + r1x) and
〈φ±Kn,n|V |φK0,0〉
=
γ1
2pi
√
µω
e
−(Kn−K0)2r22
4µω
√
2n
n!
(
i(K0 −Kn)r2
2
√
µω
)n
+
γ2
2pi
√
µω
e
−(Kn−K0)2r21
4µω
√
2n
n!
(
i(Kn −K0)r1
2
√
µω
)n
.
(32)
It’s well known that Born approximate is no longer
valid for a high barrier, in Fig. 8 we take γ1 = 0.1,
γ2 = 0.05 and compare our numerical results with an-
alytical ones. For K0 away from K
c
0(n), numerical simu-
lations show qualitative agreement with these analytical
results, while for K0 ∼ Kc0(n), the analytical results are
divergent, indicating the resonance between the incident
mode with the to-be excited modes.
IV. DISCUSSION AND SUMMARY
In summary, we have considered a diatomic bound sys-
tem to simulate the composite system, and present how
this system is scattered by a delta-function potential.
This could be of importance for a scattering process of
an actual composite system, and even for the testing of
the quantum superposition with a macroscopic object,
since we have considered the internal degrees of freedom.
The wave function of the composite system can be split-
ted up into two components, leading to the realization of
preparation of a spatial superposition.
When the incoming momentum of the center-of-mass
degree of freedom is large enough, the scattering poten-
tial may excite internal states. We emphasize that the
n > nc states could exist in the scattering region. Physi-
cally, these states decay when the system is far away from
the scattering region since the outgoing momentums are
imaginary, namely, there are only n ≤ nc internal states
being populated at infinite. Whether the n ≤ nc internal
states can be excited depends on both the symmetry of
Hamiltonian and the energy condition. All the states un-
der nc could be excited for an asymmetric Hamiltonian,
whereas only the states whose parity are same as incident
one could be excited for a symmetric Hamiltonian. The
populations of internal modes are different for reflected
and transmitted components, this should be taken into
account in the experiments of composite system.
We find that the existence of internal degree of freedom
can significantly change the reflection and transmission
coefficients of the incident mode no matter whether the
other modes are populated. And the symmetric Hamilto-
nian has a more serious impact on the odd-parity internal
states than on the even-parity states.
Depending on the coupling strength between the two
particles, and also on the mass of particle 1, the scatter-
ing of composite system can reduce to that of a single
particle. Moreover, in the region where Born approxi-
6mate is valid, simulation results are in a good accordance
with those of analytical values.
In the present study, we employ a harmonic coupling to
mimic the interaction between particles simply. Our fur-
ther research within a general coupling potential, which
can describe the process to transform a diatomic molec-
ular to two atoms, is in process.
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FIG. 3: (Color online) The reflection/transmission
coefficients jn via the potential strength γ1 with
parameters (a) m1 = 1, K0 = 5.2, ω = 2, γ2 = γ1, l = 0;
(b) m1 = 1, K0 = 4.5, ω = 2, γ2 = γ1, l = 1; (c)
m1 = 1.1, K0 = 5.2, ω = 2, γ2 = 2, l = 0.
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FIG. 4: (Color online) The reflection/transmission
coefficients jn via the incident momentum of the
center-of-mass K0 with parameters (a) m1 = 1, ω = 2,
γ1 = γ2 = 1, l = 0; (b) m1 = 1, ω = 2,
γ1 = γ2 = 1, l = 1; (c) m1 = 1.1, ω = 2,
γ1 = 0.8, γ2 = 0.5, l = 0.
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FIG. 5: (Color online) The reflection/transmission
coefficients jn via the potential strength ω with
parameters (a) m1 = 1, K0 = 5, γ1 = γ2 = 1, l = 0; (b)
m1 = 1, K0 = 5, γ1 = γ2 = 1, l = 1; (c) m1 = 1.1,
K0 = 5, γ1 = 2, γ2 = 1, l = 0.
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FIG. 6: (Color online) The reflection/transmission
coefficients jn via the coupling strength ω with
parameters m1 = 1, K0 = 4.5, γ1 = 2, γ2 = 0, and (a)
ω ∈ (1.3, 6); (b) ω ∈ (6, 104). The black lines in (b)
label the reflection and transmission coefficients for a
single particle scattered by a delta-function potential
(see text for details).
11
0 . 0 0 . 5 1 . 00 . 0 0
0 . 2 5
0 . 5 0
0 . 7 5
1 . 0 0
T
Rjre(
tr) n
m 1 / M
 j r e0 j r e1 j r e2 j t r0 j t r1 j t r2
FIG. 7: (Color online) The reflection/transmission
coefficients jn via m1/M with parameters K0 = 4.5,
ω = 2, γ1 = 2, γ2 = 0. The black lines denote the
reflection and transmission coefficients for a single
particle scattered by a delta-function potential (see text
for details).
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FIG. 8: (Color online) The reflection coefficients jren (a)
and transmission coefficients jtrn (b) via the potential
strength ω with parameters m1 = 1.1, ω0 = 2,
γ1 = 0.1, γ2 = 0.05, l = 0, j
re/tr(B)
n are the analytical
results within Born approximation.
